Oh 
< 



INFINITELY MANY SOLUTIONS FOR THE 
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Oh Abstract. We consider the following prescribed scalar curvature 

•^ \ problem on S^ 

m i ,, / -A sN u + ^^u = Ku^ on § w , 

CM. « u > s o 
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where if is positive and rotationally synimetric. We show that if 
K has a local maximum point between the poles then equation 
(*) has infinitely many non-radial positive solutions, whose 
rS^ ■ energy can be made arbitrarily large. 



1. Introduction 

Consider the standard iV-sphere (E> N ,go), N > 3. Let K be a fixed 

Q . smooth function. The prescribed curvature problem asks if one can 

find a conformally invariant metric g such that the scalar curvature 

becomes K. The problem consists in solving the following equation on 

©: §7V; 

(11) f -A S NU+^^u + Ku^ =0on§ Ar , 

k> ; '""■ U>0. 

Problem ( jl.ip does not always admit a solution. A first necessary 
condition for the existence is that maxgw K > 0, but there are also 
some obstructions, which are said of topological type. For example, a 
necessary condition is the following Kazdan- Warner condition: 

(1.2) / VK ■ Vxu^ =0. 

Js N 

The problem of determining which K admits a solution to ( 11.11) has 
been studied extensively. See p, [I] p2], [H] [22], ^H ESI EI] and the 
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references therein. Some existence results have been obtained under 
some assumptions involving the Laplacian at the critical point of K, 
see Chang- Yang [9], Bahri-Coron [3] and Schoen-Zhang [30] for the 
case N = 3, and Y. Li ^20\ for the case N > 4. For example, in Bahri 
and Coron [3], it is assumed that K is a positive Morse function with 
AK(x) 7^ if VK(x) = 0, then if m(x) denotes the Morse index of the 
critical point x of K, (II. ip has a solution provided that 

J2 (-l) m ^ ^ -1. 
vi<:=o,AA"0)<o 

The result has been extended to any E> N ,N > 3 by Y.Li in [19]- [20]. 
Roughly, it is assumed that there exists /3,N — 2 < (3 < N such that 

JV 

(i.3) k(o = kfa) + J>;l& ~ &/ + h.o.t. 

3=1 

where ^ ^ 0, J2f=i a j ¥= °- Let s = {£ : Vtf(0 = 0, £JLi a,- < 0} 
and i(£) be the number of Oj such that if(£) = 0, a,j < 0. Then (II. ip 
has a solution provided 

(1.4) £(-l) i(e ^ (- 1 ) 7 "- 

By using the stereo-graphic projection, the prescribed scalar curva- 
ture problem (11.11) can be reduced to ( 11.5D 

-Aw = K(y)w~,w>0, i/eM^ 
u E D l ' 2 {R N ) 

where D 1 ' 2 (R JV ) denotes the completion of Cq°(M. n ) under the norm 
J RN \Vu\ 2 . 

Much less is known about the multiplicity of the solutions of (11.51) . 
Amrosetti, Azorero and Peral pQ, and Cao, Noussair and Yan [8 J proved 
the existence of two or many solutions if K is a perturbation of the 
constant, i.e. 

(1.6) K = K + eh(x),0<e«l. 

On the other hand, Y. Li proved in [17] that ( 11. 5ft has infinitely many 
solutions if K(x) is periodic, while similar result was obtained in [31] if 



INFINITELY MANY SOLUTIONS 3 

K(x) has a sequence of strict local maximum points tending to infin- 
ity. Note that this condition for K(x) at the infinity implies that the 
corresponding function K defined on S^ has a singularity at the south 
pole. 

In this paper, we consider the simplest case, i.e., K is rotationally 
symmetric, K = K(r),r = \y\. It follows from the Pohozaev identity 
( II. 2p that (11.51) has no solution if K'(r) has fixed sign. Thus we assume 
that K is positive and not monotone. On the other hand, Bianchi [6] 
showed that any solution of ( 11. 51) is radially symmetric if there is a 
r > 0, such that K(r) is non-increasing in (0,r ], and non- decreasing 
in [r , +oo). Moreover, in [7], it was proved that ( 11. 5ft has no solutions 
for some function K(r), which is non-increasing in (0,1], and non- 
decreasing in [l,+oo). Therefore, we see that to obtain a solution for 
( ll.5p . it is natural to assume that K(r) has a local maximum at r > 0. 
The purpose of this paper is to answer the following two questions: 

Ql: Does the existence of a local maximum of K guarantee the existence 
of a solution to U.5\) ? 

Q2: Are there non-radially symmetric solutions to $1.5\) ? 
(Question Ql has been asked by Bianchi [6].) 

The aim of this paper is to show that if Kir) has a local maximum at 
r > 0, then (11.51) has infinitely many non-radial solutions. This 

answers Ql and Q2 affirmatively As far as we know, we believe our 
result is the first on the existence of infinitely many solution for ( 11.51) . 

We assume that Kir) satisfies the following condition: 

(K): There is a constant r > 0, such that 

Kir) = K(r ) - c \r - r \ m + 0(\r - r \ m+e ), r G (r - 5, r + 5), 

where Cq > 0, 9 > are some constants, and the constant m satisfies 
me [2,N-2). 

Without loss of generality, we assume that 

K(r ) = 1. 
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Our main result in this paper can be stated as follows: 

Theorem 1.1. Suppose that N > 5. If K{r) satisfies (K), then prob- 
lem M.5\) has infinitely many non-radial solutions. 

Remark 1.2. Theorem \1.1\ shows that the condition in |6J is optimal. 
We shall prove Theorem \1.1\ by constructing solutions with large num- 
ber of bubbles lying near the sphere \y\ = r . So the energy of these 
solutions can be made arbitrary large and the distance between differ- 
ent bubbles can be made arbitrary small. When N = 3,4 ; we know 
that the energy of the solutions to U.5\) is uniformly bounded and the 
distance between bubbles is uniformly bounded from below. See [30] (for 
N = 3) and Theorem 0.10 of [20] (for N = 4). On the other hand, if 
K(y) = K(y ) + 0(\y - y \ m ) where me [N - 2, N) for N > 5, the 
energy of solutions is also be bounded. See [20]. So our assumptions 
on N and m are almost optimal in the construction of the solutions in 
this paper. 

Remark 1.3. The radial symmetry can be replaced by the following 
weaker symmetry assumption: after suitably rotating the coordinate 
system, 
(Kl) K(y) = K(y',y") = K(\y'\,\y No+1 \, ...,\y N \), where y = (y ,y") E 

m 2 x r n ~ 2 , 

(K2) K(y) = K(y )-c \y-y \ m + O(\y-y \ m+e ),\y'\ E (\y' \-5,\y'o\ + 
S),\y"\ < 5, where y = (y' ,0). 

Remark 1.4. Theorem li.il exhibits a new phenomena for the pre- 
scribed scalar curvature problem. It suggests that if the critical points of 
K are not isolated, new solutions to ( fi.5]) may bifurcate. We formulate 
the following conjecture in the general case. 

Conjecture: Assume that the set {K(x) = max :reK jv K(x)} is an l- 
dimensional smooth manifold without boundary, where 1 < I < N — 1 . 
The problem ( fi.51) admits infinitely many positive solutions. 
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Before we close this introduction, let us outline the main idea in the 
proof of Theorem 11.11 

Let us fix a positive integer 

k > k , 

where fco is large, to be determined later. 
Set 

JV-2 
fj, = k N ~ 2 -™, 

to be the scaling parameter. 

Let 2* = -^Z2- Using the transformation u(y) i— > u ~u(-), we find 
that (11.51) becomes 



vL7) ^ u G D 1 ' 2 ^" 



Ati = K( l -^)u 2 ^ 1 ,u>0, ye 



)iV 



It is well-known that the functions 

( JV-2 

A \ 2 

l + A^-^ j •" >0 ' ieK 

are the only solutions to the problem 

JV+2 AT 

—Am = u N ~ 2 , m > in M . 
Let y = (y', y"), y' G M 2 , y" G R N ~ 2 . Define 

H s = {u:uE D 1 ' 2 (R N ),u is even my h ,h = 2,--- ,N, 

27T7 27T7 

u(r cos 9, r sin Q,y") = u(rcos(9 H — — - ),r sin(6> H — — - ), m")}. 

k ' k ' J 



Let 

2(j - 1)tt . 2(j - 1)tt 

x 7 - = rcos : ,rsm , 

x k k 

where is the zero vector in IR^ -2 and let 



0), j = l,-.-,fc, 



) 



k . N-2 

JV-2 _ , A ~2~ 

W r (y) = {N(N-2))^Y,77 ' " 

~T (1 + A"ity - ./ ,i - i - 



^(l + A^y-x^ 2 ^ 



In this paper, we always assume that 
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r G [r pL = , r fx -\ =], for some small 6 > 0, 



and 



Lq < A < Li, for some constants L\ > L$ > 0. 
Theorem 11.11 is a direct consequence of the following result: 

Theorem 1.5. Suppose that N > 5. If K(r) satisfies (K), then there 
is an integer k > 0, such that for any integer k > k , (11.71) has a 
solution Uk of the form 

Uk = W rk (y) +UJ k , 

where Uk € H s , and as k — ► +oo ; ||o;||l<x. — >• 0, r^ G [r ^ — ^_, r /i+ -^] 

We will use the techniques in the singularly perturbed elliptic prob- 
lems to prove Theorem 11.51 We know that there is always a small 
parameter in a singularly perturbed elliptic problem. Although there 
is no parameter in ( 11.51) . we use k, the number of the bubbles of the 
solutions, as the parameter in the construction of bubbles solutions for 
(ll.5p . This is the new idea of this paper. This is partly motivated by 
recent paper of Lin-Ni-Wei [23J where they constructed multiple spikes 
to a singularly perturbed problem. There they allowed the number of 
spikes to depend on the small parameter. 

The main difficulty in constructing solution with ^-bubbles is that we 
need to obtain a better control of the error terms. Since the number of 
the bubbles is large, it is very hard to carry out the reduction procedure 
by using the standard norm as in [3l [26] . Noting that the maximum 
norm will not be affected by the number of the bubbles, we will carry 
out the reduction procedure in a space with weighted maximum norm. 
Similar weighted maximum norm has been used in [13], [27] -[29]. But 
the estimates in the reduction procedure in this paper are much more 
complicated than those in [13], [27] -[29], because the number of the 
bubbles is large. 
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2. FlNITE-DIMENSIONAL REDUCTION 

In this section, we perform a finite-dimensional reduction. 
Let 

" 1 \ - 1 



(2.1) ||«||„ = sup ( Y) ; ..n-2, ) \ u (y)\-. 

ye^^il + ly-Xjl) — 



and 



A- 



I) 2 



''imi 



(2-2) ||/||.. = sup (V - , 1 

y m N v i=1 (1 + \y - Xj 

where r = 1 + fj and fj > is small. 
Let 

Consider 



(2.3) 

-A0, - (2* - l)tf(M) Wf-^u = h + Cl Eti Ca 2 ^ + c 2 Eli C^*' ^ R^ 

< C£ ( X%, fe >= i = 1, • • • , k, l = 1, 2 

for some numbers q, where < m, t> >= J RN uv. 

Lemma 2.1. Assume that <j)k solves A 2. Sty for h = hk- If \\hk\\*# goes 
to zero as k goes to infinity, so does \\4>k\\*- 

Proof. We argue by contradiction. Suppose that there are k — ► +oo, 
h = h k , A fc G [Li,L 2 ], r k e [r ^ - 4,r £{ + 4], and fc solving ([23]) 
for h = hk, A = Afc, r = r*., with ||/ife||«* — ► 0, and ||0&||* > c' > 0. We 
may assume that \\4>k\\* — 1- F° r simplicity, we drop the subscript k. 
We rewrite (12.31) as 
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(2.4) 

m =(2* 
+ 



\z — y\ n z v fi 



j * n \ z ~ y \ i=\ i=i 



\z-y 
Using Lemma [B.3t we have 



(2.5) 



(2* - 1) 



\z — y\ n z /i 



< 



< 



k 

J RN \z-y\ N - 2 ^(l + lz-Xjl) 1 ^ 2 ^ 

U (i + |y - x,\)— +r+e UO- + \y- ^\)~ + 



It follows from Lemma IB. 21 that 



\z-y 



N-2 



h(z) dz\ 



(2-6) 



<C\\h\\ 



[ 1 y I 



dz 



< 



c\\h\u*Yl 



i{i + \y-xj\)— + 



and 



(2.7) 



j-r n \ z ~ y\ i=1 



^£ 



i=X 



z — y\ (1 + \z — Xi 



\N+2 



dz<Cj2 



-r . I is JV-2 

1 (1+ ||/-»i|) 2 



Next, we estimate q, I = 1,2. Multiplying ( 12. 3ft by Z\j and inte- 
grating, we see that c t satisfies 
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(2.8) 

2 fc II 

EE(Ca 2 ^' Z i-^ = (-A<p-(T-l)K{^)wr 2 <f>,Z u )-(h,Z hl ). 
t=x i=l ^ 



It follows from Lemma [B. II that 



r ^ fc j 

J R N [L-\- \Z — Xi\) [\ _|_ 1 2; — £j|) 2 + r 

— ^ II ^11** • 

On the other hand, 

(2.9) 

(-A<p-(T-l)K( l -^)wr 2 ^Z hl ) 

= (-AZ ltl - (2* - l)K(^)Wf " 2 Z M ,0) 

= (2*-l)((l-^(M) W f-2 Zl ^) 

A* 

=«*n.°(ti<) - ^-'(- w i«V-' g (i + 1,-^ * 

Similar to the proof of Lemma [B. 31 we obtain 



/ | A -(M)-i|ie-' M — -i £ 

J\\z\-un\<,/U V ^TZ-Il 



^ 

and 
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y||z|-Airo|>VP ^ U + P-»1U ^ (1+ \Z-Xj\) 2 + T 

c 

*7- 



since if \\z\ — [ir \ > -//Z, then 



, ,_ 1 1 ^_ 

IN - Fill > IN -/Wo - iFil — /*r > VA* 1 > o# 

Thus, 



W V ; ' (i + k-^il) iV - 2 ^(i + |z-x J |)V+- 

c 

which, together with (12.91) . gives 

(2.10) <-A0- (2* - l)K(^)<- 2 0,^) = ||0||*o(-M. 

But there is a constant c > 0, 

it 

^<^ 2 * A 2 Z M ,^> = (c + o(l))^. 
i=i 
Thus we obtain from ( 12. 8ft that 

Q = 0(^11011* + IWU). 



So, 



fc 1 

JV-2 



EA; 
.7=1 



(2.H) II0H, < (o(l) + \\h k \\„ + ^1 ( 1+ I^I)^ +T+9 ), 

/ ;J- 1 A>-2 j 
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Since \\(f)\\* = 1, we obtain from ( 12.111) that there is R > 0, such that 

(2-12) \\<f>(y)\\B Rixi )>a>0, 

for some i. But 4>{y) = 4>(y — x{) converges uniformly in any compact 
set to a solution u of 

(2.13) - Au-(2* -l)U^ 2 u = 0, mR N , 

for some AG [L\ , L 2 ] , and it is perpendicular to the kernel of (12.131) . 
So, u = 0. This is a contradiction to ( 12.121) . 

□ 

From Lemma ET], using the same argument as in the proof of Propo- 
sition 4.1 in [13], we can prove the following result : 



Proposition 2.2. There exists ko > and a constant C > 0, indepen- 
dent of k, such that for all k > k and all h G L°°(R. N ), problem (\2.3§ 
has a unique solution <fi = L k {h). Besides, 

(2.14) \\L k {h)\l<C\\h\Ui \ Cl \<C\\h\U. 

Now, we consider 

-A(W r + </>) = *({) (W r + <$) r ~\ Eli ct ELi Kt z * in R ^ 
< U^ 2 Z ith <j) k >=0, i = 1, ■ ■ ■ , k, I = 1, 2. 



Proposition 2.3. There is an integer k$ > 0, such that for each k > 
ko, L Q < A < Li, \r — fir \ < \, where 9 > is a fixed small constant, 

(1 

( I2.15P has a unique solution = <p(r,A), satisfying 

h N+2 h N+2 
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Rewrite (l2~T5l) as 
(2.16) 

-A0 - (2* - i)#(M)w?--v = at(0) + z fc + Eli ci Eti Cx 2 ^, ^ 

< Uf- K 2 Z iyh >= 0, z = 1, • • • , k, 1 = 1, 2, 

where 

iv(0) = A- (M) (( Wr + 0) 2 *- 1 _ w^-i _ ( 2 * - i)wr-v) , 

and 

In order to use the contraction mapping theorem to prove that (12.1 6p 
is uniquely solvable in the set that \\(f>\\* is small, we need to estimate 
N(cf>) and l k . 

Lemma 2.4. If N > 6, then 

\\N(<f>)\\„ <Ck^- 
IfN = 5, 

\\Nm**<cu\\i 

Proof. We have 

N(6) < l ' i 

1 W '"}wy, JV=5. 

Firstly, we consider iV > 6. For any p > 1, the function t p is convex 
in £ > 0. Thus 



feii fe 



(2.17) (Ef)^E"' r 



. \p 



k ' - *— k 

3=1 3=1 



Using (12.17J1 . we obtain 
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cu\\r i (j: 7 7-— J: 



k 



x j\y 2 



2*-l 



(2.18) <CU\\T- l k^Yl ' 



i= i (1 + |y — Xj|) 2 +JV - 2T 



< ,"'„^,|2 



Thus, the result follows. 



,-=i (l + |y - a; 



It remains to prove the result for N = 5. We have 



\N(<f>)\<CU\\lJ2— r(j2 , l ,,3 +T 

^i + ly-^l^i + ly-Xj^-H- 

Define 

% = {y ■■ v = (y\ y") e K 2 x R N -\ (/-, ^-\ > cos \ }. 

Without loss of generality, we assume y e Qi- Then 

|y-^| > lz/-^i|, J = 2, ••• ,fc. 

So, 



A: 



<- 



y^ l l^i 

h 1 + \y- x *\ ~ (i + \y-zi\)*h(i + \v-*i\)* 

u 

C 



1 2.*/ 1 ii 



'1+ |y-xi|)s . =2 |xi -x 

C fc C 

< TT^ < 



; ! + |y-xi|)s ixl (1 + |j/-xi|)s' 



since 



^3 k 3 - mS 
Similarly 
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A 1 C 
3 < 



So, we have proved 



y I ff i y 

Z-,l + \y- Xt \\j^ l + \ y _ x + r) 

c / c 

< < * — , y G Jli 

since r > 1. Thus, 

mm- < cuwi 



Next, we estimate L. 



D 



Lemma 2.5. Assume that \\xi\ — (j,ro\ < -\, where 9 > is a fixed 
small constant. 
IfN>5, then 

\\k\U*<c(-)—- T . 
/i 

Proof. Define 



7T ■ 



^ = {y.y = (y', y") e K 2 x R N ~\ <JL ^> > cos ^}. 



We have 



3=1 



k 



i=i 
= : Ji + J 2 - 

From the symmetry, we can assume that y E Q±. Then, 
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\y — Xj\ > \y-xil Vj/Gfli. 

Thus, 

(2.19) 



i + lv-*i|) 4 ^(i + lv-*il)*- 2 ^ 2 a + \y - xj\) n ~ 2 



i j i < r x y t , n nr — 

111 - (l + |y-xi|) 4 ^(l + lw-x,-IF- 2 V^ffl 
Using Lemma fB.lt we obtain 

(2.20) 

1 1 



2*-l 



<c 



i + |y-xi|) 4 (i + |j/-^|)*- 2 

i i \ i 



It I IN iV + 2 I - /-, I I v N+2 , / I JV+2 

(1 + |y — Xi|) 2 + r (1 -f |y — Xjl) 2 + T / \ X j — Xi\ 2 



- n I I |\ffi+r| |JV+2_ T ' ■? > 

(l + |y — Xi|) 2 ^ r |Xj — £i| 2 

Since r < 2, we see ^ - r > ^ > 1. Thus 



f2.21) v ' !/ J= 2 



I y I 

1 + \v - xtD* *-; {1 + \y - Xj \) N ~ 2 

1 ,k,E±2- T 



<C S+5— (-) 

On the other hand, for y G fli, using Lemma [B.ll again. 



1 1 1 

< 



C f 1 1 

_ IV — 9 M — 9 I /V — 9 , M — O ~1~ 



< 



JV-2 JV-2 \ JV-2 I JV-2 ' JV-2 , JV-2 

\Xj—Xl\ 2 ^+2 V (l+|y-Xl|) 2 -t-iV+2 r (1-)- ly-^l) 2 + JV+2 ' 

C 1 



JV-2 JV-2 JV-2 , JV-2 

Xj — Xl| 2 JV+2 T (1 _|_ \y - Xl |) 2 + JV+2 1 



If N > 5, r = 1 + fj and fj > is small, then ^ - f=|r > 1. Thus 
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i=2 v 
which, gives 



1 



\y- x j\ 



\N-2 



h JV-2 JV-2 I 

< r(-\~ — ^+2 

— \ I , ,, N-2 i -N-2,, ' 

V (l + | ? /-x 1 |)^ + ^+5 T 



fc 



1 \2*-l ^ JV+2 T 1 



3=1 

Thus, we have proved 



k N+i. 
\J\ ** < C{ — ) 
V 



Now, we estimate J 2 - For y € fii, and j > 1, using Lemma EH, we 
have 



Ca^) < C 



1 



(1 + |y-xi|; ^ (l + \y-Xj\) 2 



<C 



n i i \\^=+t i i^±2_ T ' 

[1 + \y — Xi\) 2 ^ T |xi — Xj| 2 



which implies 



(2.22) 



|E(^)-0^'l 

3=2 * 

— /1 I | > iV+2 , /, , | iV+2 

(l + ly-cdl) 2 -f- T 2 | Xl _ Xj .| 2 



<C- 






i + b-^D^+^/i' 

For j/ e fix and ||y| — //r | > Sfj,, where 5 > is a fixed constant, 
then 



\y\ - \xi\\ > \\y\ - fir \ - \\xi\ - (ir Q \ > -b\i. 



As a result, 
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(2.23) 






<c- 



1 . I IN JV+2 , JV+2_ 

1 + \y — xi\) 2 ^ T [i 2 



If y 6 Oi and | |y| — fir \ < S/i, then 



\y\ 



\y\ 



and 



i^(— ) -1 <C\^-r \ m 

<— iM-i*iir + -^Tf, 



\y\ - kill < ||y| - A""o| + l^o - kill < 2<5/z. 



But 



2/ - Fil 



/i m (1 + |2/ — x 1 |) JV + 2 

1 IM-kil 



JV+2 



JV+2 



< 



< 



jU 2 T (1 + \y — xi\)^~~ <~ T jl' 
C 1 II 



JV+2 



JV+2 



r {1 + ly _ Xil) ^-r 



I I I I JV+2 

y\ - Fill 2 



JV+2 . . ,, JV+2 , . . ,. JV+2 

/i 2 r (1 + |y-a;i|) 2 + r (1 + \y- Xl \) 2 



c 



1 



JV+2 . . ,. JV+2 

/i 2 r (1+ |y-xi|) 2 



Thus, we obtain 



(2.24) 



< 



V ft 

C 1 



JV+2 



JV+2 . _ ) 



H 2 T (1 + |y — Xi|J 2 ^ 
Combining (12T22J1 . fl2T23l) and (12321) . we reach 



|l/| -A""o| < dp- 
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C h N+2 h N+2 



D 



Now, we are ready to prove Proposition 12.31 
Proof of Proposition \2.3l Let us recall that 

JV-2 

H = k N ~ m - 2 . 
Let 

h N+2 _ f 

E={ U :ueC(R N ),\\u\U < {-)~~ T ~\ / U?- A 2 Z itl( j) = 0, i = 1, • • • , k, I = 1, 2}, 
where rj > is a fixed small constant. Then, (J2.16P is equivalent to 

( p = A(<J ) )=:L(N(<J ) )) + L(l k ). 

We will prove that A is a contraction map from E to 22. 
In fact, if iV > 6, 

IHI*<c||iv(0)|u + c||z fc |U 
^■ Zb > <ck^(-y 2 ^ ,jv - 2 + c(-) 2 



Ck N - 2 + N ~ 2 ^ V) N - 2 ( k,E±l- T .ksEll-r-rj 



]V+2 /r, \ At \ I — \ , 



since 



N -2 /N + 2, N 4r 



(N+'l, 



iV-m-2VJV-2 v " JV-2 



iV-2/iV + 2 4r\ 4 iV + 2 4r 

-2V-4 ViV-2^ 2 " ^ ~ iV^J > 2V-2 + jV-2^ 2 ~ ^ ~ 2V-2' 
if we take 77 > is small and r is close to 1. Thus, A maps 2? to E. 
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On the other hand, 

\\A{(k) ~ A<K)||* = \\L{N{(k)) - L{N{<h))\\* < C||JV(0O - N{<h)\\». 
If iV > 6, then 

\N'(t)\ <C7|£| 2 *- 2 . 
As a result, 



\N(<f>i) - N((h)\ < C(|0i| 2 *- 2 + \fof- 2 ) |0i - <h\ 

k 

<c(ii0iiir 2 + ii0 2 iir - 2 ) ii0i - u.fc — — ] —^ 



\y-Xj\) 2 



2*-l 



As before, we have 



j 
So, 



(t L ^n-f " < Ck^ T L_ 



iV+2 
2 



11-4(01) -A^)ll*<cw0i)-iv(0 2 )iu 

<^^(ii0iiir 2 +ii0 2 iif^)ii0i-0 2 ii* 

_, _^ I 2(JV+2) 4( T +r,) 

(Jk N ~ 2 N ~ 2 N ~ 2 I 

< 2(iV + 2) 4(t + „) 11^1 - <^||* ^ nll^l - <^||*- 

m jv-2 jv-a " 

Thus, A is a contraction map. 

The case N = 5 can be discussed in a similar way. 

It follows from the contraction mapping theorem that there is a 
unique (f) & E, such that 

4> = A(<f>). 

Moreover, it follows from Proposition 12.21 that 

h N+2 

V 

□ 
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3. Proof of Theorem 11.51 
Let 

F(r,A)=l(W r + <l>), 

where r = |xi|, is the function obtained in Proposition 12.31 and 



1 JRN Z J R N [1 

Proposition 3.1. We have 



uf 



F(r,A)=I{W r )+o( 



k 



/i m+CT 



V A m /j, m A m " 2 /i mVr ' UJ 

^ gg ,^1,1, _ 

2^ AJV-2| X1 _ x AN-2 + U { u m+<r + u m l^° ^ 



where a > is a fixed constant, Bi>0,i = l,2,3,is some constant 
Proof. Since 

(l'(W r ),0} = O, 

there is t G (0, 1) such that 

F(r, A) = I(W r ) + \D 2 l{W r + t(f) (0, 0) 

=/(W r ) + / {\Dcf ) \ 2 -(2*-l)K(^)(W r + t<pf- 2 cf ) 2 ) 

Jr n V 

=I(W r ) + (T-l) [ K(^)((W r + tct>f- 2 -Wf- 2 )<t> 2 

Jrn /i v / 

+ f (N(<j))+l k U 

Jr n 

=I{W r ) + o(f (|0| 2 * + |iV(0)||0| + |/ fc | 
But 
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(|iV(0)||0| + |/ fc ||0|) 

ii f$ -. AC -. 

Using Lemma [B. II 



V ! y ! 

/ j / i ix N+2 | / , , . .. JV-2 

^ (1 + |y - Xj \)—^ tT (1 + l» - ^1) — +T 
fe 1 fc 1 I 

AC .- AC - AC ^ 

< rV 



JV-2 
Xi\) 2 



since r > 1. Thus, we obtain 



(|iV(0)||0| + |/ fc ||0|)<CA:(^||iV(0)|| M + ||/ fc ||„J||0||, <Ck(-) 



On the other hand, 



k\ N+2-2r 



k 

\<t>r < cum* [ (V 



^ (1 + \y - X:i \)— +T 
But using Lemma IB. 11 if y e Q\, 



22 JUNCHENG WEI AND SHUSEN YAN 



k 



JV-2 

j= 2 K* -T- \y -•*-.< ' 

A; 



(1 + \y - Xj \)— +T 



^ (1 + \y - ^1)—+^ (1 + \y - xj\)— + ^ 



(l+\y — Xl\) 2 + 2^ ^ |Xj - Xl\ T 2 r > (1+ |y - Xl \) 2 + 2 r ? 

Thus, 



(y* 1 \ T < C en 



Thus. 



y its—) < ck. 



So, we have proved 



12- ^^11^112- / ^( k \**^-r) 



< ckuwf < ck(-y 



Proposition 3.2. We have 

dF(r,A) 
dA 

-hi Bim V^ B 3 (N-2) / 1 1 

KArn+l^m + JL A JV-1 ^ _ ~ | JV-2 + ° [j^ + T^T^O ~ \ X U 

where a > is a fixed constant. 
Proof. We have 



□ 
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2:; 



^-<'W>.^S> 



dW, 



2 k 



(A^ + A^I+EE^C^i) 



i=l i=l 



dA' 



But 



{ U li,k Z i,h-Q^) ~ ~{ 



d{UJXZ h 
dA 



Thus, using Proposition 12.31 



|X><CxX..f> 



i=i 



<9A' 



<C\a\ 
<- C 



^ a + \v - xA) N + 2 ^ 



- t (l + \y- Xi \y^^ i{l + ly _ Xjl) ^ + r 



m+o 



/' 



On the other hand, 



D(W r + 4>)D 



dW r 
~dA 



DW r D 



dW r 



and 



Jm N I 1 



_ x dW r 

~~dA 



_ x dW r 
~dA 



(2* - 1) 



Av\\ o* o dW r 
v fj, ' r dA 



+ 0(f |0P 

k Jr n 



Moreover, from 6 e E, 
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! *(M)(w. 

Jr n ^ 



> -2^ 

dA 4 
,, _ 2 dW r 






2 »_ 2 du Xjt A 






Wis \ n» r.dU x - A 

A aA ' 









5A z^~^,a 5A 



)(j) + k 






and 



T-2 dW r STnr-2 dUx i< A \ 



"^l 1=9 1=9 



<- 



C 



fi 



rn+tr ■ 



f (kA - i)t£ 



2* _2 vUx\,k 

A ^A~ ' 



< 



\y 



< 



II»[-a""oI<Va» A* 

c 



W-)-i)C 



aA 



77l+(T 



A* 



Thus, we have proved 



, (A'(^)-1)Ca 2 ^ 

y\-^o\>\/V- r 



dA 



dF(r,A) dI(W r ) / I 



5A 



aA 



/' 



m+cr 



and the result follows from Proposition IA.21 
Since 



□ 



I I Ol I • (•? ~ 1 ) 7r • O 7 

|Xj — Xi| = 2|a?i| sin , ] = 2,...,k, 



we have 
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k 1 1^1 

Z^ \rr. _ ry.AN-2 ~ ^ItJW^ 2-^ / • (j-l)vr 



r 



2 ,x, -x x r- 2 (2|x 1 |)^- 2 ^ (sin (2^L)N-2 

k 

(2\ xl \)N-2 z2j=2 (zin u-^ )N~ + (21^1)^-2 > lf fc 1S even ; 

\ k ' 

(2|xi|)^-^EjL 2(sin li^r )JV _7. if fc IS Old. 



But 



. bill ; .. r'^n 

fc 
So, there is a constant £> 4 > 0, such that 



A 1 _ ^fc^- 2 

^l^-xil^- 2 ~ Ixil^" 2 ' ^Vbil- V - 2 



o 

\ \Xj — X\\ ly z \Xi\ ly A 

Thus, we obtain 



nr^{A + ^- + 1 ^-^-r ) 



A m fi m A m ~V 
B 4 k N ~ 2 / 1 1 3 k 

~ J{N-2 r N-2 """ V U m+<T U™ ° ~~ r r W-2 

and 

dF(r,A) 
dA 
/ Sim BAN-2)k N - 2 „( 1 1 . l2 fc 

V A m+1 U m \N-l r N-2 ^ \„m+(T ifn 1 ^ ' r N-2 

Let A be the solution of 

B im , B A (N-2) Q 



Then 



A m+1 AiV-l r ^-2 



/ B 4 (iV-2) 
° V S im r ^- 2 



Define 
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11 11 

D= {(r,A) :re [fir - — , fir + — ], AG [A - -g|, A + -?=]}, 

[1 [1 /i 2 /i 2 



where 6 > is a small constant. 
For any (r, A) G D, we have 



L = r o + 0(4zg)- 

[I v /i 1+e/ 



Thus, 



m w - 2 W- 2 + o(^)) 



r N-2 _ ,.N-2(„N-2 



So, 



(3.26) 



F(r,A)=k(A+(^- J ^ r ,)± 



+ 1 1 — (jur -r) 2 + 0f — — + — |^r -r| 3 + — — -)Y (r,A) G D, 

and 

(3.27) 
<9F(r, A) 

Now, we define 

F(r, A) = -F(r, A) , (r,A) E D. 
Let 

Si S 4 v 1 1 



a 2 = k(-A + ri), , ai = k(-A - (-^ - * ) — 

v A o A o r o ^ A* 

where 77 > is a small constant. 
Let 



5fl /' 
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F a = {(r,A) G D,F(r,A) <a). 



Consider 



§ = -D r F, t > 0; 



(r,A) G F a \ 



Then 



Proposition 3.3. The flow (r(t),A(t)) does not leave D before it 
reaches F ai . 



Proof. If A = A H — 37, noting that \r — /j,r Q \ < ^, we obtain from 
( 13T27D that 



m*«' 



aF(r ' A) -^c * +0 r * n>o. 



«9A V ^m+p V^+2^ 

So, the flow does not leave D. 

Similarly, if A = Aq wg, then we obtain from (13.27J) that 



/' 



2" 



dA V ^jn+le V/i^+W/ 

So, the flow does not leave D. 

Suppose now \r — /ir | = \. Since |A — A | < —3^, we see 

B\ B4 B\ B4 



=^L ^ + 0(—) 

So, using (I3.26p . we obtain 



O(|A-A | 2 ) 
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(3.28) 

F(r,A) 

k( a ( Bl Bi \ 1 B<1 n( l \\ 

~ \ H$ ~ A^- 2 r^- 2 V " Ag 1 " V +2e " + V^J <ai ' 

D 

Proof of Theorem 11.51 We will prove that F, and thus F, has a critical 
point in D. 
Define 



T = {/i :/i(r, A) = (hi(r, A), /i 2 (r, A)) G D, (r, A)eD 
/i(r,A) = (r,A), if |r-/ir | = -=}. 
Let 



c = inf max F(h(r, A)). 

/ier( r ,A)eD 

We claim that c is a critical value of F. To prove this, we need to prove 

(i) a.\ < c < a<i\ 
(ii) sup| r _ Mr , | = i F(h{r,A)) < a 1; V h e T. 

To prove (ii), let h 6 T, Then for any f with \f — fxr \ = -\, we have 
h{f,A) = (f,A) for some A. Thus, by (13T281 . 

F(h(r,A)) = F(f,A) < ai. 
Now we prove (i). It is easy to see that 

c < a 2 . 
For any /i = (/i 1; /i 2 ) € T. Then /ii(r, A) = r, if |r — //r | = —g. Define 

M r ) = /ii(r,A ). 
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Then h\(r) = r, if \r — /ir \ = \. So, there is a f e (yur — Ti/ ir o + ^)> 
such that 

/ii(f) =;uro. 
Let A = /i 2 (r, A ). Then from (L126D 



max F(h(r,A)) > F(h(f,A )) = F(//r ,A) 

(r,A)6D 

■ fc f A r g i g* i x i c( l 



N-2 



A m A n ~ 2 Tq~ 2J [i m V/i m+<T /i 
= H~ A " (a™ ~ A^" 2 ^" 2 ^ + ° fc^)) > 



Appendix A. Energy Expansion 
In all of the appendixes, we always assume that 

2(j - 1)tt . 2(j - 1)tt 



D 



Xj =(r cos ,rsin ,0), j = l,---,k, 

where is the zero vector in IR^ -2 , and r G [r // -^o/W + -7] for 

some small 6* > 0. 
Let recall that 



JV-2 
fj, = k N - 2 - m , 



1 JRN Z J R N /i 

A N ~ 2 

U X]A (y)=(N(N-2)) Efl — 



y\w 12* 



and 



;i + a 2 | ?/ -x j | 2 )^ 



fe . JV-2 

JV-2 ^-^ A^~~ 



W P (y) = (AT(iV - 2)) « V 
In this section, we will calculate /(W r ). 
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Proposition A.l. We have 
I(W r ) =k(A + -^- + . B l (fxr - r)) 2 

\ ' ' y A. m U m A 771- U m 



, 1 i 



'' £ 



S A^- 2 |x! - x.-r- 2 + ° (//"»+- + /i m l/ir ° rr v , y' ' 

where B i; i = 1,2,3, is some positive constant, A > is a constant, 
and r = \x%\. 

Proof. By using the symmetry, we have 



k k 



Jr n ~[~[Jr n 

k 

k Jr n ~£ Jm N 

K JR N „_o A \ Xl X j\ \_o 



.-, - " •' I ■' I \ *■ ■ n l-^l Xj 

1=2 J 1=1 J 



\N-2+a 



Let 



n j = {y:y= (y', y") = K 2 x R^ 2 , (/-, ^-) > cos ^}. 

\y'\ \Xj\ k 

I t7 I I 7 | 



Then, 



/ K M)\w r r=kf kAwa* 

Jr>* V Jn x V 

+ o(/ C(t«^) 2 ""))' 

V « / «l i=2 ' ' 

Note that for y e fii, |y — x,| > \y — xi\. Using Lemma IB. 11 we find 
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f 2 ^ (i + \y - »i|)— (i + Is/ - Xi|)— 



l 
< 



(l + ly-xil)^- 2 -"^ |Xi-Xl 






i=2 

If we take the constant a with max(l, ^-j^—) < a < N — 2, then 



(AT-2) 2 - 



,2*/2 _ nf (k\ N-2+a 






n l i=2 

On the other hand, it is easy to show 



N-2+o 



■/«! ^ i=2 

= / EC^,,a+ / (jf(M) - i)EC^, 

•/"i i=2 ' /n l ^ i=2 

i=2 I J- J I A-" 

Finally, 

+ 0L- m - e [ \\y\-nr r +e Ul 

Jr n A 1 Jr n v A* 



But 
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\\y- xi\ - /j,r \ m = \\xi\ -yi + 0(- — -) -/ir | m 

\%i\ 

\yi\ m + m\yi\ m ~ 2 yi{^r - N + 0{--)) 



X\ 

2+cr 



+ \m(m - l)\ yi r- 2 ^r - \ Xl \ + 0(-^-)) 2 + o((fir -\ Xl \ + 0(-^-)) 
2 \xi\ \ \xi\ 

Thus, 



\y-xi\ - /J.r \ m U%\ 



\yi\ m U 2 ; A + -m(m-l) I |?/ir 2 f/ 2 A(^o-|-'-.|)i ; 

+ o(|/ir -|x 1 || 2+CT ). 
Thus, we have proved 



f Ki}^)\W T f 
Jr n ^ 

-_ k ( f \ Uol f_^_ f | \m v T 



''° ;im(m-l) / |?/i| m - 2 C/o 2 ;i(^o-kil)) 2 



A m " 2 /i m 2 



2 *V — + o(-^— 

^ A N - 2 \ Xl - xA N ~ 2 \u m +° 

i=2 I J- J I ^ 



We also need to calculate n 



dI(W r ) 

Proposition A. 2. We have 



dI{W r ) ( mB 1 A B 3 (N-2) 



--k 






□ 



<9A V A m +V m ^^A^-Mxi-x,-!^- 2 

^ j=2 ' i - 31 

+ of — — + — l^o- Nl 2 )), 
where B i} i = 1,2,3, is same positive constant in Proposition \A.l\ 
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Proof. The proof of this proposition is similar to the proof of Proposi- 
tion |AJ3 So we just sketch it. 
We have 



X4 ,7V 



ifii A 4 



8=2 



«9A /' 
It is easy to check that for y G Q\, 



4 K - Ca - 2-Ca 1 £ M I * ci£2(E f/,„ A ) 



8=2 i=2 



Thus, 



•9 „ .,* d „.,* „„ 5 



fc k 



i=2 i=2 

As a result, we have 

\y\^T-idw r 



2* f K(^)W? 
Jcit A 4 



9A 



+ 0(/ C / a(E^,a) : 

V ^l ,=9 



1=2 

2*/2 



8=2 

So, we obtain the desired result 



Appendix B. Basic Estimates 
For each fixed i and j, % ^ j, consider the following function 



1 1 

(2 ' 29) 9lAV) ~ (l + \y-x,\r(l + \y-x t \y' 

where a > 1 and j3 > 1 are two constants. 



□ 
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Lemma B.l. For any constant < a < min(a,/3) 7 there is a constant 
C > 0, such that 



C 

9M ^ TZ ^ ( n , l. ln a+fl - g + 



\xi -Xj\ a \(1 + \y - x i \) a+l3 - ct (1 + \y - x j \) a+ l 3 - <T 
Proof. Let dij = \xi — Xj\. If y E Bi d ..(xi), then 



2"*J 



I y ^j\ — nl^j x i\i \y x j\ — cy\y ^i\) 

which gives 

m ~ \xi - x^ {1 + \y - x i \) a +^-' 7 y ^ V l> 
Similarly, we can prove 

<?ii < 1 1-77 1 T7 — T75 1 V E oij..fe . 

3 ~ \Xi-XjY{\ + \V ~ Xj\) a +P- a zd %] \ 3) 

Now we consider y e IR^ \ (Bi d ..(xj) U Bi d ..(xj)). Then we have 

1 1 

If | y — Xi\ > 2\xi — Xj\, then 

1 
I y j I — 13/ *^i I " \Xi Xj i ^ — I y Xj | . 

As a result, 

g d 1 



(1 + ly-Xil) 01 ^ ~ Ixi-Xjl' 7 (1 + |y-a; i |) Q +' 3 -' T ' 
If |y — Xj| < 2|xj — Xj|, then 



1 C C 

9ij < ~ ; — < 



(1 + \y-Xi\Y \xi -Xj\P ~ \xi - Xj\ a (1 + \y - Xi\) a+ P- a ' 
because \y — Xj\ > \\xj — x,i\. 



D 
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Lemma B.2. For any constant < a < N — 2, there is a constant 
C > 0, such that 

1 1 , C 

dz < 



\y - z\ N - 2 (1 + \z\) 2 +° " - (1 + M) CT 

Proof. The result is well known. For the sake of completeness, we give 
the proof. 

We just need to obtain the estimate for \y\ > 2. Let d = ||y|. Then, 
we have 



1 1 , C f 1 

dz < 7T-T „ / -, , , N „ dz 



B d{0 ) \y - A N - 2 (i + M) 2+CT " ^- 2 J Bm (i + \A) 2+ ° 

<-^—d N - 2 - a < — 
~d N ~ 2 - d*' 



and 



1 C f 1 , C 

dz < -—— / , ., - dz < 



,oi — v\N-2 (~\ _|_ I y |12+(r — ,72+cr / , I ~ _ ,.|JV-2 — ,J<t 

Suppose that z6M ff \ (-B d (0) U S d (y)). Then 

, 1. , , , 1, 

\z-y\>-\y\, \z\>-\y\. 

If \z\ > 2\y\, then \z — y\ > \z\ — \y\ > ||z|. As a result, 

1 1 C 

< 



\y - z\ N ~ 2 (1 + \z\) 2 +° ~ \z\ N ~ 2 (l + \z\) 2 +°' 
If |z| < 2 1 2/ 1 , then 



1 < .. c < c > 



\y - z\ N - 2 (1 + \z\) 2 +° ~ \y\ N ~ 2 (l + H) 2 +- - 1*1^-2(1 + \z\) 2 +°' 
Thus, we have proved that 



' < u.-^f, u, 2+ ^ ^R^lB^OW)), 



|y - Z| W - 2 (1 + |^|) 2 +- - ^^(l + \ Z \) 2 +° 

which, give 
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f _^ I dz <^ 

R»\(B d (0)UB d{ y)) \V ~ A N ^ (1 + kl) 2+CT ' - d° 



D 



Let recall that 



W r (y) = {N(N - 2)) * J2 



k . N-2 

N-2 ^_^ A^2~ 



i (1 + A 2 |y-Xj| 2 )~3~ 

Lemma B.3. Suppose that N > 5 and r G (0,2). T/ien t/iere zs a 
small 8 > 0, such that 

k 

1 w^wr — ^—dz 



5a 



\y-A N ~ 2 ' r '^{i + \z-xj\)-* 

<cy 1 — jr - 2 — + o(i) y 



xA) 2 



where o(l) — *■ as k — > +oo. 

Proof. Firstly, we consider AT > 6. Then -^3^ ^ !• Thus 



So, we obtain 



^(i + \z-xi\y 



k 

1 ^ (*) E ;,— — x ,^ +T dz 



\y~ z r- z U i 1 + \ z - ^\)^ +T 



IJV-2 

~^J* N \y- z \ N ~ 2 H + \z-x j \Y +E i 1+T 
k 



By Lemma |R2j if 9 > is so small that ^ + t + 6 < N -2, then 
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dz 



jRK\y-z\ N - 2 (i + \z-x j \) 4+E f 1 -r' 

1 , c 

< / i rr^r _ , r o -dz< 



\y - z\»-* (1 + \ z - ^1)2+^+^ ~ (1 + |y - ^1)^+^ 

On the other hand, it follows from Lemmas IB. II and IB. 21 that for 



f 



dz 



| y -^-2 (l + |^_ x .| ) 4 (l + |z _ x . |) i- 



c r i / i i 

<i rr / i rr^r _ ^ o 1 _ *r „ dz 



U/^ «X/ o I 



12 



y - zr~ 2 Mi + |z - ^l) 2+ ^ +T (i + k - sjl) 1 



c / 1 1 

— I I o I , ! | S N-2 i I 3 ! ,s JV-2 

\xi - x i | 2 V(i + \ y _ a^l)— + T (1 + |y - Xj|)-3- 
Noting that 



El C- rC v A 1 . . 

I rf rf I 2 . 1 2 / ^ /)' 2 V / ' 

^ l x * x jI A* i=1 ^ 
we obtain 



k ^ r i i i 

EEy R ,| y _^-2 (1 + k _ x .| ) 4 (1+k _ x . |) - a+T ^ 

fc 



V^ l 



Suppose now that iV = 5. Recall that 



^ = {y.y = (y',y") e K 2 x M^ 2 , <* 7 ^> > cosf }. 
For ? e Oi, we have |z — Xj| > jz — Xi|. Using Lemma [B. 11 we obtain 
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- 1 1^1 

^ (l+\z-Xj\f ~ (1 + lz-X^) 2 ^ l + \z- r 



J\ 



C ^ 1 c 

<^ ; rrrr > -. r < 



r— 

1 + \z — xi\) 2 ^ \Xj — xi\ (1 + \z — x\y 2 



Thus, 



± C 

W r 3 (z) < 
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